The paper experimentally deals with the radial in-plane vibration characteristics of disk-shaped piezoelectric transducers. The radial in-plane motion, which is induced due to Poisson's ratio in the piezoelectric disk polarized in the thickness direction, was measured by using an in-plane laser vibrometer, and the natural frequencies were measured by using an impedance analyzer. The experimental results have been compared with theoretical predictions obtained by simplified theoretical and finite-element analyses. It appears that the fundamental mode of a piezoelectric disk transducer is a radial mode and its radial displacement distribution from the center to the perimeter is not monotonic but shows maximum slightly apart from the perimeter. The theoretically-calculated fundamental frequencies agree well with the finite-element results for small thickness-to-diameter ratio, and they are accurate within 7 % error for the ratio up to 0.4. 
Introduction
Piezoelectricity (1) is one of the main transduction mechanisms adopted in electromechanical sensors and actuators (2) . are widely used, especially in ultrasonic sensors (3) which convert mechanical vibrations into electric signals, and actuators (4) which convert electric signal into mechanical vibrations. In many ultrasonic devices, such as flowmeters and liquid-level meters etc., piezoelectric transducers generate and detect mechanical waves (3) . Piezoelectric transducers for ultrasonic devices are designed on the basis of the vibration characteristics of resonance (5) .
The vibration characteristics of piezoelectric transducers depend on geometric shapes and dimensions as well as material properties and boundary conditions. Most piezoelectric transducers are disk-shaped (6~9) or ring-shaped (10~12) , and their transduction mechanism is based on the motion in the thickness direction. In some cases the shape is cylindrical or spherical. Piezoelectric cylindrical or spherical transducers with radial polarization have resonance characteristics determined by their thickness and curvature (13, 14) . Torsional transducers made of piezoelectric disks polarized in the circumferential direction have resonance characteristics determined by thickness (15) .
In the piezoelectric disk transducers polarized in the thickness direction, radial motion is induced due to Poisson's ratio (16) . Since the radius is larger than the thickness in a thin disk, the lowest several modes are the radial modes governed mainly by radial boundary conditions. Thickness modes appear in the higher modes. This paper experimentally clarifies the radial in-plane vibration of piezoelectric disk transducers and to verify the theoretical prediction by comparing experimental results with analytical ones. 
Theoretical Prediction
In order to compare experimental results with analytical ones, theoretical prediction is carried out in advance. Two kinds of analysis are described in this section; one is theoretical analysis and another is finite-element analysis.
Theoretical Analysis
(1) Problem formulation A piezoelectric disk transducer is schematically shown in Fig. 1 , where  is the thickness and  is the radius. The transducer has uniform electrodes on the top and bottom surfaces (  ). The electromechanical relations were well formulated, and the constitutive equations of the piezoelectric disk transducers are expressed as follows (2) :
D  e S  S E (2) where T, S, D , and E are the matrices of stress- 
Inserting Eqs. The disk transducer, the radius of which is much larger than the thickness, satisfies plane stress conditions in the thickness direction, and thus    . This assumption simplifies the theoretical analysis. Eq. (6c) can be rewritten to express the normal strain   as follows:
Eqs. (6a,b) and (7) are rewritten as follows by inserting Eq. (8):
Here the constants with superscript  are as follows:
The equation of motion derived from the force equilibrium in the radial direction is
where  is the mass density. Inserting Eq. (9) into Eq. (12) yields the following governing equation: Substituting Eq. (14) into Eq. (13) provides the following governing equations in terms of :
where   is the wave number.
The solution of the Bessel Eq. (15) has the following form:
where   and   are the Bessel functions of the first and second kinds, respectively, of order 1. The unknown constants  and  are determined according to the boundary conditions. 
In order to satisfy the boundary condition (17a),    in Eq. (16), and thus the solution becomes
Here     is the  times the radius .
Satisfying the boundary condition (17b) with Eq.
(6a) in the uniform electric field yields
The natural frequencies of the radial mode are calculated from Eq. (19). In the characteristic Eq.
(19), the unknown variable   can be determined by using numerical tools, such as Mathematica (19) , and the result is         Frequency  has a relation with wave number  and wave speed  as follows:
In addition to the natural frequencies, the radial mode shapes can also be calculated from Eq. (18).
The piezoelectric disk specimens considered in this paper are shown in Fig. 2 and listed in Table   1 . The properties of the constituent PZT-4 and PZT-5A materials are well-known, and they are listed in Table 2 . The material properties to be inserted into the equations are obtained by converting the properties in Table 2 . The converted properties are listed in Table 3 . Table 4 . The shapes of radial modes calculated from Eq. (18) are displayed in Fig. 3 . Table 3 Material properties of PZT specimens, coverted from the properties in Table 2 Properties Values PZT-4 PZT-5A They will be compared with the experimental results in Section 4. 
Finite-element Analysis
The theoretical analysis described in the previous section has advantages in the expressions to calculate the natural frequencies and mode shapes.
However, it has disadvantages in that the analysis is based on some assumptions to simplify the real physical phenomenon. Before comparing the theoretically-calculated results with experimental ones, the theoretical analysis is enhanced by a finite-element analysis.
The natural frequencies and mode shapes are Table 1 .
Impedance Analysis
By using an impedance gain/phase analyzer (Agilent Technology 4192A), impedance curves were measured for four kinds of specimens. The 
In-plane Laser Interferometry
The mode shapes of the radial in-plane vibration were measured by using an in-plane laser the back-scattered laser light caused by surface motion is evaluated electronically.
As shown in Fig. 7 , the laser output from a diode is divided into two beams. These two beams progress with incident angle  into the plane to be measured, and the superposition of the beams results in the interference pattern of parallel bright and dark fringes. The fringe spacing ∆ is a system constant which depends only on the incident angle  and laser wavelength  as follows: 
The controller measures the Doppler frequency   and multiplies ∆. The output signal of the controller is monitored at an oscilloscope or a signal analyzer.
A signal generator (Agilent 33220A) was used to exert electric signals with a constant voltage and variable frequency onto piezoelectric disks. respectively. These results are listed in Table 7 and will be compared with other results in Section 4.
Vibration amplitude at the natural frequency was measured by using a signal analyzer (B&K 2035). The measured amplitude is RMS voltage, which is proportional to the vibration velocity, and is converted to the vibration displacement.
The measurement is carried out along a radius from the center to the perimeter at every 1 mm.
The measured vibration amplitude was normalized to the maximum amplitude and displayed in Fig. 8 for four specimens are listed in Table 7 
Conclusion
The 
